BOOLEAN-VALUED MODELS OF SET THEORY WITH
URELEMENTS

XINHE WU, BOKAI YAO

ABSTRACT. We explore Boolean-valued models of set theory with a class of
urelements. We begin by examining an existing construction U® in which every
urelement is its own B-name. We prove the fundamental theorem of U® in the
context of ZFUR (i.e., ZF with Urelements formulated with Replacement).
In particular, we show that U® preserves Replacement. We also demonstrate
how U® can destroy or recover certain axioms in urelement set theory, such
as the Collection Principle. A drawback of U® is that it does not permit
mixing names, resulting in a lack of fullness. To address this, we introduce a
new construction, UB, which is closed under mixtures. We prove that there is
an elementary embedding from U® to UE, Furthermore, over ZFCUR, UEB is
full for every complete Boolean algebra B just in case the Collection Principle
holds.

1. INTRODUCTION

A Boolean-valued model M® for a first-order language £ is equipped with a B-
valued truth assignment [ ], which assigns a B-value to each sentence in £ in a way
that obeys the axioms of first-order logic. In set theory, Boolean-valued models
provide an elegant presentation of forcing (see [2], [7], and [6]). In this paper, we
study Boolean-valued models of set theory with urelements. The earlier studies
of forcing with urelements (e.g., [3], [4] and [5]) often assume that all urelements
form a set. We explore this topic in a more general setting, where a proper class
of urelements is allowed (for poset forcing over transitive models in this setting,
see [12]). In Section 2, we begin with a standard construction of Boolean-valued
models with urelements, which we call UB. We prove the Fundamental Theorem
of U® (Theorem concerning how basic axioms, in particular Replacement,
are preserved in each UP and also show how certain axioms can be destroyed or
recovered. In Section 3, we turn to two interesting properties of Boolean-valued
models: mizture and fullness. Since the basic construction of UP makes it unable
to mix different names for urelements, we provide a new construction, UB, which is
closed under mixtures and proved to be an elementary extension of U® (Theorem
3.12). Finally, we show that over ZFCUg, U® is full for every complete Boolean
algebra B just in case the Collection Principle holds (Theorem [3.13)). The rest of
this section reviews some basic facts and known results about ZF set theory with
urelements.

1.1. Urelement Set Theory. The first-order language of set theory with ure-
lements {€, .4/} contains an additional unary predicate &/ for urelements. It is
always an axiom that no urelement has any members, and we allow a proper class
of urelements. The standard axioms of ZFC will be modified to allow urelements,
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e.g., Extensionality in this context will assert that sets with the same members are
identical.

Definition 1.1. ZU is the urelement set theory which includes the following ax-
ioms: Extensionality, Foundation, Pairing, Union, Powerset, Infinity, and Separa-
tion.

ZFUgr = ZU + Replacement.

ZFCUR = ZFUgR + Axiom of Choice.

ZF(C) = ZF(C)Ug + “There is no urelement”.

Remark 1.1. The subscript R indicates that the corresponding theories are only
formulated with Replacement rather than stronger axioms such as the Collection
Principle, i.e.,

(Collection) Vw, u(Vz € w Jyp(x,y,u) — FoVe € w Jy € v p(z,y,u)).
Although Collection is provable from ZFUg when the urelements form a set, it is not
provable from ZFCUg when a proper class of urelement is allowed. In particular,
ZFCUR has finite-kernel models, where the urelements form a proper class but
every set of them is finite (|13, Theorem 27]). Collection fails in the finite-kernel
models because for every n < w there is a set of urelements of size n, but we cannot
collect them into a set.

1.2. Notations and facts about ZFUg. The symbol “</” will also stand for
the class of all urelements; “A C /7 abbreviates “A is a set of urelements”; “U”
stands for the class of all objects {« | = x}. For sets x and y, “x ~ y” abbreviates
“r is equinumerous with y” and “x < y” abbreviates “there is an injection from =z
into y”. For every z, the kernel of x, denoted by “ker(x)”, is the set of urelements
in the transitive closure of {z}. A set is pure if its kernel is empty. “V” will denote
the class of all pure sets. Ord is the class of all ordinals, which are transitive pure
sets well-ordered by €. By cardinals, we always mean initial ordinals. For any set
A C &/, the class V(A) is the cumulative hierarchy built from A by iterating the
powerset operation. Namely,

Vo(A) = 4

Vat+1(A) = P(Va(A)) U Va(A);

V,(A4) = Ua<'y Vo (A), where v is a limit ordinal;

V(A) = UaEOTd Va(4).
For every object x, ker(z) C A if and only if z € V(A), and so U = |J ., V(A).
Unlike V, when there are urelements U admits definable non-trivial automorphisms.
This is because for any definable permutation i of <7, ¢ can be extended to an

automorphism of U by letting ix = {iy | y € z} for every set x; moreover, i
point-wise fixes a set x (i.e., iy = y for every y € z) whenever i point-wise fixes
ker(z).

In addition to Collection, there is a hierarchy of axioms in urelement set theory
studied in [13]. Here we introduce some of them.

Definition 1.2. Let A be a set of urelements. The tail cardinal of A, if exists,
is the greatest cardinal s such that there is a set of urelements B of size x that is
disjoint from B.

Intuitively, when the tail cardinal of A exists, A will have a “complement” in the
sense of equinumerosity (rather than inclusion).
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(Tail) Every set of urelements has a tail cardinal.
(Plenitude) For any cardinal x, there is a set of urelements of size &.

(DC,-scheme) If for every x there is a y such that ¢(z,y,u), then there is
an w-sequence (x, : n < w) such that p(z,, 2,11, u) for every n.

The DC,-scheme is a class version of the Axiom of Dependent Choice (DC). Simi-
larly, for any infinite cardinal k, the DC-scheme generalizes DC,, as follows.

(DCy-scheme) If for every z there is a y such that ¢(z,y,u), then there is
a function f on k such that o(fla, f(a),u) for every a < k.

DC_. g holds if DC-scheme holds for all .

Lemma 1.2 (|13, Lemma 22]). Let x be an infinite cardinal. Over ZFCUg, if
every set of urelements has a tail cardinal that is at least x, then the DC,-scheme
holds. ]

Theorem 1.3 (|13 Theorem 17]). Over ZFCUg, the following implication diagram
holds. The diagram is also complete: if the diagram does not indicate ¢ implies 1,

then ZECUR + ¢ ¥ 9. |
Plenitude o is a set
DC<O7«d Tail
i \
DC-scheme Collection
!

DC,,,-scheme

DC,,-scheme

Note that the finite-kernel models (Remark also show that ZFCUpg cannot
prove the DC,,-scheme, since in these models every set can be properly extended by
another set of urelements, but no infinite sequence of increasing sets of urelements
exists. Throughout this paper we always work in ZFUg, unless stated otherwise.

2. UB

2.1. Basic Facts. Recall that in ZF, given a complete Boolean algebra B, by trans-
finite recursion we can define a B-name to be a function from a set of B-names to
B. The Boolean-valued universe V® is then the class of all B-names. In particular,
() will be its own B-name. A natural generalization of this construction in ZFUy is
to let each urelement be its own B-name, as a different copy of (). This motivates
the following definition proposed in [3].

Definition 2.1. Let B be a complete Boolean algebra.
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(1) 7 is a B-name if and only if, 7 is either a urelement or a function from a
set of B-names to B.

(2) UB = {r | 7is a B-name}

(3) Lp is the extended language of urelement set theory containing each B-name
as a constant symbol. ALg is class of all atomic formulas in Lg.

(4) The Boolean evaluation function [ ] : ALg — B is defined as follows by
recursion. For every 7,0 € UP,

[reol= \/ ([r=ulnrow)

nedom(o)
[Fcol= A G =eodl
nedom(r)
1 ifroes andT=0
[r=0]=40 ifredoroced, andt#0
[FCo]AJoCT] ifro¢ o

1 fred

L ()] = {0 itr¢ o

The evaluation function [ ]| can be extended into all formulas in Lp in the standard
way. Namely,

[ A ] = [l A [9];
[l = —[];
Brel =V [e(n)].

TeU®
We shall also let U® stand for the Boolean-valued structure <U]B, [ ]]>, where
U® = ¢ means [¢] = 1. With some trivial modifications of the proofs in [2} p.
24-26], one can show that all the axioms of the first-order logic have value 1 in U®,
and all of the rules of inference are valid in UP. As in VB, every object in U has a
canonical B-name in UB.

Definition 2.2. For every x € U,

. T r €A
I =
{(,1) |y € z} =z is a set.

It is routine to check that the map x +— & preserves Ag formulas in the sense that
U E o(x1,...,z,) if and only if U = ¢(a7, ..., 27,) for any Aq formula . Conse-
quently, for every ¥y formula ¢, UB = (1, ...,2,) whenever U = ¢(z1, ..., Tp)-
The following facts will be frequently used, and we refer the reader to |2, p.27-47]
for their proofs.

Proposition 2.1. For any formula ¢(z) and any 7 in U®,

(1) Bz et @) =V, cdomq (7)) A lp)])-

(2) [T € Ord] =V congl™ = @].

(3) [Fz € Ord ¢(2)] = Vaeoralr(d)]-

(4) (The Induction Principle) Vr € UB(Vn € dom(7)p(n) — (1)) — V1 €
UP (7). O
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The same arguments as in [2}, p.37-45] will show that all the axioms of ZU have
B-value 1 in U® and U® preserves the Axiom of Choice (AC).

Theorem 2.2. U® |= ZU, and U® = AC if U |= AC. O

We conclude this section with a very useful fact, i.e., UP thinks that every set
of urelements is covered by some set of urelements in U.

Definition 2.3. For every 7 € UB, A, = dom(r) N <.
Lemma 2.3. [r C o] = [r C A,] for every 7 € U,
Proof.

[Fcal= A o=@

nedom(t)
= A -
nedom(r)\ o/
=[r c 4]
(]
Corollary 2.3.1. U® | “&/ is a set” if and only if U = “</ is a set”. O

2.2. The Fundamental Theorem of U®. Let B be a complete Boolean algebra.
If ¢ is some axiom in urelement set theory, it is then natural to ask: does U® |= ¢
if ¢ holds in U?

Lemma 2.4. U® |= Collection if U = Collection.

Proof. For readability, we shall omit parameters when doing so does not undermine
the general idea of the proof. Assume that Collection holds in U. It suffices to show
that for every 7 € U®, there is a p € U® such that

[Vz € T3ye(z,y)] < [V € 73y € p ¢(z,y)].

Now fix 7 € UB. For any ¢ € dom(7), let X, = {p € B | 37 € U® p = [p(o,7)]}.
By Collection and Separation in U, it follows that there is a Y, C U® such that Vp €
Xo3m € Yo p = [p(o,m)]. Then [Byp(o,z)] = V, ey, [¢(o,m)]. This shows that
for every o € dom(r), there is a Y, C U® such that [3ye(o,z)] = Virey, [p(o,m)].

By Collection again, we can collect those Y, into a set Y. Now let p be ((JY) N

U®) x {1}. For any o € dom(7), [3ye(0.y)] = Vv lelo,m)] = [By € p ¢(o,y)].
Thus, p is as desired. O

The case of Replacement in UP is more interesting: the standard proof of Re-
placement having value 1 in V2 uses Collection in V', which does not work for our
purpose since Collection is not provable in ZFCUg. To prove the preservation of
Replacement, we shall utilize the idea of purification. Intuitively, given a set of ure-
lements A and a B-name 7, the A-purification of 7 will be the result of “purifying
off” the urelements appeared in the construction of 7 that are not in A.

Definition 2.4 (Purification). Let A be a set of urelements and 7 € U®. We define

A
7, the A-purification of 7, recursively as follows.

N A . .
(i) 7 = 7 if 7 is a urelement;
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(ii) if 7 is a set then
(a) dom(7) = {i] | ngom( )\ &) U (dom(T) N A)};
(b) for every u € dom(T),

)=

Tw=\ (),

nex,

where X,, = {n € dom(7) | ﬁ = u}.

Example. Let a € A and b ¢ A. Suppose that u; = {{(a,p),{b,q¢)}, p2 =
a”

ﬂmmxaqgmdvz{mhmmmm»wmmmm».T@n£:w$:{<p>
and ¢ = {<u1,7“ Up> ,{a, s)}.

—

Proposition 2.5. Let A be a set of urelements. For every 7,0 € U®,

1 [Fcrl= @A(fﬂm:W?Gﬂ)
<mkeﬂ=ey(ywAk=ﬂ»

Proof. (1) For each p € dom(‘?)7 let X,, = {n € dom(r) | ﬁ = p} and we have
)= Tuerl=(\ 7)) = [uerl

neXy

= N\ )= [uer])

neXy
= A\ )= [ner.
Thus, !
[Fcrd= A Gw=uer)
uEdom(?)
= AN A Gm=Ied
,uedom(?) nEXy
= A\ @m=er.
nedom(r)
(2) For each p € dom(%), () Ao = u] = V) Ao = ). So
oerl=\ (FwAlo=ul)
Medom(ﬁ)

=V Ve ) Ao =)

MGdOTn(T) neXy

=\ @mAfo=nD.

nedom(r)
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To prove UP |= Replacement, a key observation will be that we can compute a

A . .
lowerbound of [r = 7] using automorphisms.

Definition 2.5. Let a,b be two urelements. iy : U — U is the automorphism
generated by the permutation of &7 which only swaps a and b.

Note that for every set 7 € U®, i¢r = {(i#n,i¢p) | (n,p) € T}, which is a B-name if
i fixes B.

Proposition 2.6. Let a,b be two urelements such that a,b ¢ ker(B). For every
7,0 € UB,

() ligr <7l = @A(;ﬂmiﬂﬁneﬂ)
2) o eigr] = EGZV ( )(T(n) Allo = dgnl)-

(3) o =igr] < [o =1].

Proof. Note that i point-wise fixes B. So for every 7 and n € dom(7), i{7(ifn) =
7(n), from which (1) and (2) follow.

(3) We prove this by induction. Suppose that the statement holds for all the
B-names in dom(o). For every v € dom(o),

yeigrl=\/  (Iy=ignl A r(n)

nedom(t)
(induction hypothesis) < \/ (v =n] AT(n))
nedom(t)
=[yer]
This shows that

N ©=heigh< A ()=>Dher).

yEdom(o) yEdom(o)
Therefore, [0 C if7] < [o € 7]. [if7 C o] < [r C o] is shown by the same
argument, and hence [o = 7] < [o = 7]. 0

Lemma 2.7. Let A be a set of urelements such that ker(B) C A and a be a
urelement not in A. Then for any 7 € U®,

A [r=irl<Ir=7I

bea/\A
Proof. Suppose that the lemma holds for all B-names in dom(r).
Claim 2.7.1. For every n € dom(7), [ € i¢7] A [itn € 7] < [n = i¢n].
Proof of the Claim. Let n € dom(T). For every p € dom(r),

[n = dgul Alp=dign] < n=pd Aln= iG]

< [n=gn],
where the first line holds by Proposition (3). Therefore,
neigrinlignerl= '\ (r(w) Aln=igpl Alp=ign])
nedom(T)

< [[n = iyn],
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where the first line holds by Proposition (2). [ |
So we have
/\ [r=ig7] = /\ [T Cigr] AigT C 7]
be/\A bea/\A
(Proposition [2.6 (1)) = /\ /\ (t(n) = [n € digr] Align € 1)
beo/\ A nedom(r)
= N\ = N IeigrlAligner])
nedom(t) bea/\A
(Claim 2.71) < A = N\ Ih=imD
nedom(r) bea/\A
(induction hypothesis) < /\ (t(n)=[n= ﬁ]])
nedom(t)
An A
= N\ = GmAln=nlAln=nl)
nedom(t)
A A
< AN =\ GwArl=ulAln=nu))
nedom(t) pedom(r)
(PropositionF (2)) = A )= (e FIATn e D)
nedom(t)
(Proposition B3] (1)) = [r C 7] A7 C 7]
A
=[r=7].

Theorem 2.8. U® = Replacement.

Proof. We may assume Collection does not hold in U, otherwise U® = Replacement
as U® |= Collection by Lemma which means there is a proper class of urelements
in U. To prove the theorem, it suffices to show that for every m € U®, there is a
p € U® such that for every o € dom(r),

(1) Blyelo,y)] < [By € p #(0:y)]

Fix a m and let A = ker(B) U ker(m).

Claim 2.8.1. For every o € dom(w) and 7 € UB, there is a 7* € U® such that
7™ € V(A) and [p(o,7) AVz(p(0,2) = 2z =7)] < [p(o, 7)].

Proof of the Claim. Let p = [¢(0,7) AVz(¢(0,2) — z = 7)] and fix some urelement
a such that a ¢ A, which exists because & is a proper class. Then for every
urelement b ¢ A, [¢(o,7)] = [¢(0o,ig7)], because if point-wise fixes B and every
o € dom(m). Moreover, for each urelement b ¢ A,

p < [p(o, M) A (lplosigT)] = [r = ig7])

= [elo, DI A [ = ig7]
< [r =dg7].
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It follows that
p<ele,In N\ [r=igr]

bes\A
(Lemma < [p(o, M A Tr =71
<[, 7))
Since ker(é) C A, the claim follows. |

Let (o, p) € dom () xB be such that p = [o(o, 7)AVz(p(0, 2) — z = 7)] for some
7 € UB. By Claim [2.8.1} there exists a least ordinal o, such that 37* €V, (A)
with p < [e(o,7)]. Let v = U\, pyedom(n)xs @op and p = (V3(A) N UB) x {1}. Tt
is easy to check that for every o € dom(n), [3lye(o,y)] < [Jy € p v(o,y)], which
completes the proof. |

Theorem 2.9 (The Fundamental Theorem of U®). Assume ZFUg. Let B be a
complete Boolean-algebra. Then
(1) UB = ZFUg, and U® = AC if U = AC;
2) U® = Collection if U |= Collection;
) UB k= Plenitude if U |= Plenitude;
)
)

if U = AC, then U® = Plenitude only if U = Plenitude;
if U = AC, then UP = Tail if U |= Tail.

Proof. (1) is Theorem and (2) is Lemma

(3) Suppose that Plenitude holds in U. It suffices to show that for any 7 € U®,
[r € Ord] < [3z C &/ (z ~ 7)]. Fix some 7 € UEB. For any ordinal a, there is some
A C o such that A ~ « and so [A ~ &]] = 1. Thus, we have

[r=d)l=[r=ara~ANACH]|<K[ACHNA~T].
This shows that

(

(3
(4
(5

[reordl= \/ [r=d]

a€Ord

\/ [c Co No~T]
ocUB

=[Fz C F(z ~71)].

(4) Suppose that U [=AC. We prove the stronger statement that U® |= —=Plenitude
if U [~ Plenitude. Suppose for reductio that U [ Plenitude but U® [~ —Plenitude.
In U, fix some cardinal A such that there is no set of urelements of size A. Since
[37(7 is a cardinal A A < 7)] =1 and [Plenitude] # 0, it follows that

[37(7 is a cardinal AX <7 A 3o C &/(1 <0))] #0.

So for some 7,0 € U®, [ is a cardinal AA€T7AT <0 Ao C ] #0. By Lemma
[o € &) = [o C A,], where A, = & Ndom(c). Thus

[ is a cardinal AN €T AT =< A ] #0.

N

By AC in U®, A, is equinumerous with some cardinal « less than \, so [A, ~
AR < A] = 1. Therefore, [7 is a cardinal AN <7 A& < AAT < i] # 0, which is
a contradiction.

(5) We use the following lemma.
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Lemma 2.10. Over ZFCUg, —Plenitude A Collection — Tail.

Proof. Suppose that Plenitude fails but Collection holds. Given a set A C &, let k
be the least cardinal such that there is no set of urelements of size x that is disjoint
from A. By Collection, there is a set v such that for every cardinal A < k, there
isa B C & invsuch that B~ Xand BNA=0. Let C =U{Be€v|BC
o/ and BN A = (}. The cardinality of C' is then the tail cardinal of A. O

Now suppose that U = AC A Tail. Clearly, U [~ Plenitude; and U  Collection
by Theorem It follows from (2) and the proof of (4) that U® |= (—Plenitude A
Collection). Therefore, U = Tail. O

It is not known if the assumption U = AC in Theorem [2.9] (4) and (5) can be
dropped. As we will see later (Theorem [2.19)), the converse of (5) does not hold:
Tail can be recovered in U® from certain models of ZFCUg + —Tail.

2.3. Destroy and Recover Axioms in U®. We now discuss how U® can destroy
or recover certain axioms (our arguments are analogous to the ones in [12]). The
following is a standard construction of the canonical B-name f for a sequence f of
B-names.

Definition 2.6. For every 7,0 € UB,
(TP ={{r. )k
{r.o}® ={(n.1), (o, )}
(r.0)® = {{7}" {r,0}"}.
Let a € Ord and f : a — U® be an a-sequence of B-names.
F={B,FB)" | B €a)x{1}.
The next proposition is easy to verify based on the definition above.

Proposition 2.11. Let f : @ — U® be an a-sequence of B-names for some ordinal
a and 8 < a. Then

(1) UB = f.vis an d-sequence;
(2) U® = (B, /() € f
(3) UP = (£18) = f1B. O

Let us clarify what the proposition says. According to (1), U® always thinks that f
is an @-sequence, and by (2) UP also thinks that f maps 3 to f(B) for every 8 <
(3) shows the uniformity of the canonical names, i.e., for every 3 < a, U® thinks
that the canonical name of f[3, (fI8), is indeed f restricted to 3.

A partial order (P, <) is k-closed if every descending chain in P of length A\ < k
in P has a lower bound. A complete Boolean algebra B is s-closed if (BT, <) has
a dense subset that is x-closed. It is a classic result in ZFC that every x-closed B
preserves cardinals below k, which carries over into ZFCUg without any difficulties.
In particular, if B is x-closed and w, < &, then U® |= W, = ws. Now we show that
kT-closed B will preserve the DC,-scheme over ZFCUg.

Theorem 2.12. Let k be an infinite cardinal. If U = ZFCUR+DC-scheme and
B is xT-closed, then U = DC,-scheme.
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Proof. Let k = w., for some ordinal . Let [Vaz3yp(x,y)] = p. We show that
p < [3f(f is a function on wy AVa < wy o(fla, f()))].

A k-sequence of pairs ((pa, 7o) : @ € k) is said to be a @-chain below pif (py, : @ < K)
is an infinite descending sequence below p and for every a < &, po < [ furs Ta)],
where fo, = (153 : 8 < a). A ¢ € B bounds ((pa,Ta) : & € k) if ¢ is a lower bound of
(o : @ < k). Let X = {q € Bt : ¢ bounds some ¢-chain below p}.

Claim 2.12.1. X is dense below p.

Proof of the Claim. First, the DC,-scheme is equivalent to the following scheme
(parameters omitted, see |13, Proposition 13]).
For every definable class X, if every s € X<* has some y € X such that
©(x,y), then there is a function f € X* such that ¢(f|a, f(a)) for every
a < K.
Let 0 # p’ < p. Fix some dense subset D C BT that is x*-closed and let D¢,y =
{ge D|q<p'}. Let ¢(x,y) assert
“Ifx = ((py, ) :n<a)yC (BxUB) for some a < r and (p, : n < @) is a
descending chain, then y = (g, 7) € B x U® such that ¢ is a lower bound of
(py i < a) and g < [p(f,7)], where f = (1, : ) < @).”
Now fix some z = ((p,,7,) 1 < a) € (Dgy x UB)<F, where (p, : n < a) is a
descending chain. Let f = (7, : 7 < a). Since any 0 € U, p <\, cy=[e(0, 7)],
p < [¢(f,7)] for some 7 € UB. D¢, contains a lower bound ¢ of (p, : 7 < a), so
there is some (g, 7) € D¢, x U® such that ¢ (z, (¢, 7)). By the DC,-scheme in U,
there exists a op-chain below p’, where all the first components of the pairs are in
D. Since D is k1-closed, this chain has a bound in X which is < p’. Therefore, X
is dense below p. [ ]
Consider any ¢ € X, which bounds some @-chain ({(p,,7,) : @ € k) below
p. Let g = (Ta:a < k). Since ¢ < pa < [e((gla),g(@))] for all @ < k, ¢ <
Na<ilp(gla, g(@))] = [Va < & p(gla,g(a))]. B is r-closed, so U | i = w,.
Thus, for every ¢ € X, ¢ < [3f[f is a function on w, AVa < wy ¢(fla, f(a))]]. As
X is dense below p, it follows that

p<\/X
< [3f1f is a function on wy A Va < wyp(fla, f(a))]].
[

The assumption of Theorem [2.12] cannot be dropped: next we show that there
can be some B such that U® [~ DC,,, -scheme even if the DC,,,-scheme holds in U.
Given an infinite cardinal &, the complete Boolean algebra RO(k*) consists of all
the regular open sets of the product topology «“, where k is assigned the discrete
topology. It is well-known that in VO™ & is collapsed to w. We include a proof
of this fact for completeness.

Lemma 2.13. Let x be an infinite cardinal and B = RO(k¥). Then U® |= & ~ w.

Proof. Tt suffices to show that U® = k¥ < @&. For each n € w and £ € k, let
pne = {9 € k%] g(n) = &}. Define 7 = {((7,£)%,pne) | n € wand & € k}.
For every n € w and &1 # &2 € K, Dngy ADne, = {9 € k¥ | g(n) = &1 N{g €
k* | g(n) = &} = 0. So U = 7 is a partial function on @. Also, for any & € &,
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Vpew Pne = ({9 € k% | for some n < w, g(n) = £})° = k¥, So for any £ € x, [Tz €
wor(x) =€) = V<w Pne = . Therefore, U® |= 7 is a surjection onto &. O

Lemma 2.14. Suppose that in U every set of urelements has size < k for some
infinite cardinal x. Let B = RO(x“). Then UB |= every set of urelements is
countable.

Proof. For every T € UP,

(Lemma [2.3) [r € ) =[rC A
(Ar < K) =[rCA NA; 2E]
<Ir <Al
(Lemma [2.13) =[r 2 RFEARE~W]
< [r =2 W]
That is, U |= every set of urelements is countable. ]

Lemma 2.15. If every set of urelements is countable and &7 is a proper class, then
the DC,,, -scheme fails.

Proof. For every x there is a y with ker(z) C ker(y), but there cannot be a function
f on wy with ker(fla) € ker(f(a)) for all @ < w; otherwise f would have an
uncountable kernel. O

Theorem 2.16. There is a model U of ZFCUg and some B € U such that U® [~
DC,,,-scheme but U }= DC,,,-scheme A Collection.

Proof. Consider a model U of ZFCUR where every set of urelements has tail cardinal
wy (see [13| Theorem 27 (6)]) and let B = RO(w{). By Theorem [1.3| and [L.2] both
the DC,,-scheme and Collection hold in U. By Lemma U® [ every set of
urelements is countable. Therefore, U® [~ DC,,,-scheme by Lemma % d

When U |= ZFCUg + Collection + DC,,-scheme, U® = DC,,-scheme for every
B because the DC,-scheme follows from ZFCUg + Collection (Theorem . The
following question, however, is open.

Question 2.17. If U |= ZFCUg + DC,,-scheme, does U® |= DC,-scheme for every
B?

RO(k*) can be used to recover Collection and Tail from certain models of
ZFCUg.

Theorem 2.18. Suppose that U | ZFCUg and in U for every set of urelements
there is an infinite set of urelements disjoint from it. Then for some B € U, U® |=
Collection.

Proof. We may assume that Plenitude fails in U otherwise by Theorem and
Theorem every U® satisfies Collection. Thus, there is a least cardinal x in U
such that there is no set of urelements of size k. Let B = RO(k*). By Lemma
UB = every set of urelements is countable. Moreover, for every 7 € U2, let
B € U be an infinite set of urelements disjoint from A,; since [A, N B = 0] = 1,
[r € o] =[r C A] <[rNB=0AB is infinite]. Therefore, UB = Tail because
UB thinks that every set of urelements has tail cardinal w. It then follows from
Theorem that U® = Collection. O
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The assumption of this theorem cannot be dropped: if U is a finite-kernel model
(Remark |1.1)) then every U® will be a finite-kernel model by Lemma and hence
U® | —Collection.

Corollary 2.18.1. If U |= ZFCUg+ DC,-scheme, then U® |= Collection for some
BeU.

Proof. We may assume 7 is a proper class in U. Then by DC,-scheme, for every
set A of urelements, there is an infinite sequence of sets of urelements (A, : n < w)
such that A, € A,11 and A, N A = 0. The kernel of this sequence will be an
infinite set of urelements disjoint from A, so Theorem applies. O

Theorem 2.19. There is a model U of ZFCUg + —Tail such that U® |= Tail for
some B € U.

Proof. Let U be a model of ZFCUgr where every set of urelements has size < N,
and for every n < w, there is some A C & of size N,,. The existence of U follows
from [13, Theorem 26]. Thus, U = —Tail. Let B = RO((X,,)*). By Lemma
and the proof of Theorem U® |= Tail. O

3. A NEw CONSTRUCTION UPB

3.1. UB Is Almost Never Full. A very desirable property of Boolean-valued
models is called fullness.

Definition 3.1. Let M® be a Boolean-valued model. MP® is full if and only if, for
any formula (v, vy, ...,v,) and 71, ...,7, € MP®, there is some 7 € M® such that

[Boe(v, 71, .oy )] = [0(T, 71y ooy )]

In other words, a Boolean-valued model is full just in case there exists a “witness”
in the model for every existential formula. It is a standard result that if V' = ZFC,
then V® is full for every B. One reason why fullness is highly desirable is because
the generalized Lo$ theorem holds for all full Boolean-valued models (see [9], (8],
[1], and |11] for many other applications of fullness). In the context of set theory,
this allows us to construct forcing extensions over any model of ZFC (see [6] for
more on this).
However, the very construction of U® makes it almost never full.

Remark 3.1. UPB is not full if there are two urelements and B is a proper extension
of 2.

Proof. Consider the B-name 7 = {(a1,p), (a2, —p)}, where a1, as are two differ-
ent urelements and p is an intermediate Boolean value. Let ¢(v) be the formula
Jr(f(x) ANx € v). Then Jo(7)] = 1. Suppose for reductio that there is some
o € U® with [¢/(0) Ao € 7] = 1. By Definition o must be identical to both
a1 and as——contradiction. O

One root of this drawback is that UP is not closed under miztures of names, the
general notion of which is defined as follows.

Definition 3.2. Let M® be a Boolean-valued model, {o; |i € I} € M® and
{pi | i € I} C B, where I is an index set. 7 € M® mizes {o; | i € I} with respect
to {p; | i € I} if p; < [r = oi]™" for every i € I. 7 is also said to be their mizture.

It is a standard result in ZF that V® is closed under mixtures.
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Lemma 3.2. Assume ZF in V and let B € V be a complete Boolean algebra.
Every {r; | i € I} C VB and antichain {p; | i € I} C B have a mixture.

Proof. This is by a standard argument as in |2, Mixing Lemma 1.25]. Let dom/(7) =
U,er dom(7;). For every o € dom(r), let 7(0) = \/,c;(pi Ao € 73]). Note that the
definition makes sense since all names in V® are sets. It is routine to check 7 is
indeed a mixture. O

UB, as we have seen, is not closed under mixtures since no name can mix two
different urelements indexed by two incompatible intermediate values.

3.2. A New Construction. It is natural to ask if there can be a different con-
struction of Boolean-valued models with urelements that is closed under mixtures
and if these models will be full. In this subsection we provide a new construction
of names that is closed under mixtures. The issue of fullness will be addressed in
the last subsection.

Definition 3.3. Let B be a complete Boolean algebra.
(1) 7:dom(r) = B is a B-mized-name if and only if, for any x € dom(7), x is
either a urelement or a B-mixed-name, and for any urelement a € dom(7)
and z € dom(7) such that z # a, 7(a) A 7(x) = 0.
(2) UB = {7 : 7 is a B-mixed-name}.
(3) Let 7 € UB. dom™ () = dom(r) N o; dom®(7) = dom(r) N UE.
(4) Ly is the extended language that contains an additional binary predicate
Z and each B-mixed-name as a constant symbol. ALg is the class of all

atomic formulas in Lg. The Boolean evaluation function [ ]]ﬁ ALy — B
is defined as follows.

[ =\ ()

a€dom* (1)

[rZ0]7" = A (r(a) & a(a)) A A ~7(a)

a€dom (T)Ndom“ (o) a€dom (1)\dom* (o)

A /\ -0 (a);

a€dom (o)\dom (1)

[redl” =\ (Ir=u" Ao(w);

pEdom® (o)

[rcol™= A Gm=Med”);
nedom® ()

[[T:O'ﬂﬁ: [[TQU]}WA[[UQT]]WA[[Tgaﬂﬁ.

I ﬂﬁ can be extended to all formulas in L5 in the standard way as before, and we

shall let U® denote the structure <ﬁ, [ ]]UB>.

Let us explain the idea behind mixed-names and highlight some differences be-
tween UP and UB. First, no urelement is a B-mixed-name since every B-mixed-name
is a set, and each urelement a will be represented by {(a, 1)} in UB instead of itself.

Second, for any 7 € UB and urelement a, 7(a), metaphorically speaking, represents
the B-value of 7 “being identical to” the urelement a, rather than the value of a
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“being a member of” 7. Accordingly, there can be mixed-names that is identical
to both (the canonical names of) a set and a urelement to a non-zero degree, e.g.,
{{a,p),{0,—p)}. And [r £ o]V is the degree to which 7 and ¢ are identical given
that they are taken as urelements.

Finally, the incompatibility condition in Definition[3.3](1) amounts to the restric-
tion that for every o € dom®(7), {r(a) | a € dom? (1)} U {r(0)} is an antichain,
which is motivated by the following consideration. If a,b € dom(7) are two urele-
ments, then 7(a) A 7(b) must be 0 because this is the degree to which 7 is both of
them; if a,0 € dom(7), where o is a B-mixed-name, then 7(a) A 7(c) must be 0
because this is the degree to which 7 is a urelement with a member. In fact, this
restriction ensures that no urelement can have any members in UB.

Proposition 3.3. [Vz(«/ (z) — Vy(y ¢ x))ﬂU]B =1.
Proof. For every 7 € UB,

[#Dl= '\ 7

acdom< (1)

YA

pedombB ()

A A To#alv-rpw)

occU® pedom®B(r)
= [Vy(y & 7)].

The second line holds because for any urelement a € dom® (1) and u € dom®(r),
T(a) < —=7(w). O

Next we verify that UPB is indeed a Boolean-valued model.

Proposition 3.4. For any 7,0, 7 in W,
W =" =1,

(2) T(n) < [[r]ET]]UE forﬂlerynedomB(T);
@) [r=a” =lo=7"
(4) [[T—O'/\TE’]T]]U < [o e )Y
5) [r=0nmer]V g[[WEJ]]@
(6) [[7'—0/\(7—7r]]w3 < [[TZW]LUB;
(1) [r =0 Ad(D]7 < [ (0)]7".

Proof. The proofs of (1)-(5) can be found in [2, Theorem 1.23] with trivial modifi-
cations, as 1 4 a]]UrB causes no difficulties for the usual proofs to go through.
(6) The proof of [r = o Ao = 7]V < [r C7]Y" Ar C 7]V is exactly the same

as in |2, p.31], so we only show [r = o Ao =a]V" < [r £ 7Y%, Let

T =71U{{a,0) | a € dom*” (U) Udom® (n) and a ¢ dom™ (1)};

ot =coU{{a,0) | a € dom (1) Udom? (r) and a ¢ dom (0)};

7t =7U{{a,0) | a € dom (1) Udom® () and a ¢ dom™ (r)}.
7T, 0T and 7t then have the same set of urelements in their domain, so let A =
dom (17). Tt is easy to see that
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[7 £ 017 = Auea(t(a) & o (a));

[0 Z 717" = Agealot(a) & 7 (a)); and

[7 £ 717 = Auea(rt(a) & 7 (a)).
Thus,

[[7':0/\0:7T]]ﬁ<[[7'92{0]}@/\[[UQZ{W]]ﬁ

= \H@ et @)n \ ot @ e (@)

a€A acA

< At @ & @)

acA
=[r Z WHUB.

(7) We only show [r Z o]V% A [7(7)]" < [«7(0)]V". Let 7+, o and A be as
in the previous paragraph. It follows that

Ir Zo]7 A L] = N\ (@) & ot (@) A\ 7 ()

a€EA acA
<Voeta= '\ ol=[70)]".
a€A ac€dom (o)
(]
Proposition 3.5. For every 7 in UB,
Brere@]” = V() Alem]”).
nedom®(r)

Proof. The proof is exactly the same as in [2, p.27]. One just need to note that the
urelements in dom(7), if any, will be ignored when computing o € 7]V". O

We now show that UP is closed under mixtures.

Lemma 3.6. Every {r; |i € I} C UB and antichain {p; | i € I} C B have a
mixture.

Proof. We define their mixture 7 as follows. Let dom(7) = |J dom(7;). For every
i€l
x € dom(r),
@)=\ (pi A7il2)),
i€,
where J, = {i € I | © € dom(m;)}.

Claim 3.6.1. 7 € UB.

Proof of the Claim. Suppose that a € dom () and = € dom(7) with 2 # a. Then
T(a) AT(x) = Ve, (pi ATi(a)) AV ez, (pj ATj(2)). We need to show that for any
1€ Ja,j € Ju,
pi ATi(a) Apj ATj(x) = 0.
If i # j, then p;Ap; = 0as {p; | + € I} is an antichain. If ¢ = j, then a, 2 € dom(r;)
so 7;(a) A 7;(z) = 0 because 7; is a B-mixed-name. |
Now we show that for every i € I, p; < [r = 7;]V". Fix ani € I.
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Claim 3.6.2. p; < [t C TZ-]]W.

Proof of the Claim. Let n € dom®(7) and j € J,,. If i # j, then p; < —pj; otherwise,
n € dom(r;) so 7;(n) < [n € n]Y" by Proposition (2), and hence —7;(n) V [n €
7]V" = 1. Tt follows that for every j € J,,, pi < —p; V =7j(n) V [ € m]V". Thus,
for every n € dom®(7),

pi <[\ pinTim)]=[nen]”
jed,
=7(n) = [ner]”.

Therefore, p; < A (r(n) = [n € ml"") so pi < [r S 7] n
nedom® ()

Claim 3.6.3. p; < [1; C T}]W.
Proof of the Claim. For every n € dom®(r;),
pi < 7i(n) = (pi A7i(n))

Therefore, p; < N (ri(n) = [n € T]]ﬂ) sop; < [1; C T]]W. [ ]
nedom®(r;)

Claim 3.6.4. p; < [r £ 7,]7".

Proof of the Claim. By the definition of Z and T, it suffices to show the following
two hold.

(2) Va € domd(r) \dom’d(Ti), pi < —7(a).

(3) Ya € dom™ (1) N dom™ (1;), pi < 7(a) < 7(a).

For , for every a € dom (1) \ dom® (1;), i ¢ J, and so p; < —p; for every j € J,.
Thus, p; < =V, (pj ATj(a)) = —7(a).

For , let a € dom™ (1) Ndom (r;). Since 7(a) = Ve, piATj(a), it is enough
to show the following two hold.

(4) pi < N (-p; v r5(a) vV 7i(a)).
Jj€Ja
(5) pi < mi(a) vV \/ (p; ATi(a)).
i€J,

For , note that if ¢ # j, then p; < —p;; otherwise —7;(a) V 7;(a) = 1. For , as
i € J,, we have
pi < ~i(a) Vpi
= —7i(a) V (pi A 7i(a))

< -mila) v \/ (pj A7)

i€Jq
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This completes the proof of the lemma. O

3.3. Embedding U B into UB. In this section, we clarify the relationship between
U® and UP by proving that U® can be elementarily embedded into UB. We first de-
fine the hat-names in UB, which is the analog of the check-names in U® (Definition

29).
Definition 3.4. For every x € U,

j:{{@c,l)} T €A

{{g,1) |y € z} = is a set.

As before, the map x — & preserves Aq assertions from U to UB. We note that for
any urelement a, a is the canonical name of a in UB, while {(a,1)} is the canonical
name of {a} in U®. The following lemma demonstrates an expected feature of a
and will be useful later on.

Lemma 3.7. For every 7 € U and a € dom* (1), [a = 7']]ﬁ = 7(a).
Proof. First, [a C 7']}ﬁ =1 and
[aZ 7Y = (r(a) & 1) A \/ ~7(b)
bedom< (1)\{a}
= 7(a).
Also,

[Fca”™= A ()= Inea”)
nedom®(r)

= A =0

n€dom®(7)

= N\ -

nedom® (r)
> 7(a).
Thus, [a =7]"° = [r Ca]"" Aa € 79" A[a Z 7]Y° = 7(a). m
Now we define a natural embedding from U® to UE.
Definition 3.5. For every 7 € UB,
) a T is some urelement a
j“”_{ﬂﬂmnvm|neva» s a set.

By a straightforward induction, one can show that j is one-one and hence j(7)
is a B-valued function; moreover, as dom(j(r)) € U® whenever 7 is a set, the
incompatibility condition in Definition is trivially satisfied, and hence j(7) € UB
for every 7 € UB. We shall write j7 for j(7) from now on.

Lemma 3.8. For every 7,0 € U®, [p(T, (T)]]U[B = [[cp(jT,ja)]]ﬁ, where ¢ is an
atomic formula.
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Proof. We prove the lemma by induction on 7 and o. o
Suppose that ¢ is &/ (v1). Then [« (7 )]]UF =1=[o(j7)]V" if T € o; otherwise
[ (MY =0=[a(jT]”".
Suppose that ¢ is v; € v3. Then
[realV = \/ (r=n" ro(w)
pedom(o)
\ (L =im"" Ajo(ip)

pedom(o)

(induction hypothesis)

= [jr € jo]U".
Suppose that ¢ is v; = vy. Since j is injective, it suffices to consider the following

two cases.
. B .
Case 1: T is some urelement a and o # 7. Then [r = o]V = 0. If ¢ is some

urelement b, then we have [a = b]V" = 0. If o is a set, then [a Z o]’ =0
because jo has no urelements in its domain and hence [a = jo]Y" = 0.
Case 2: 7 and o are sets. Then [j7 ‘Q:{jo]]UB =1. So

Lir = 4017 = i € 401" A ljo € 3717

= A G=Dneiod”)n N (o= [ue ")

nedom(r) pEdom(c)
=[rC JHUE Ao C 7']]ULB
=[r=o0] vt
where the third line holds by induction hypothesis. [

Unsurprisingly, it is the quantifier case that requires some effort if we wish to
show that j is fully elementary. A key lemma will be that every 7 € UB mizes of
some mixed-names that are in the range of j with respect to a maximal antichain.
]]U[B = /\aedomd(r) —7(a)
is the value of 7’s being a set. So we may map each 7 in UB to its set coun-
terpart, 75, so that [r = 75°)V" = [~/ (7)]Y" and 75 lies in the range of
j. For example, if n = {(a,p)}, then we would obviously want 7%t = ); and if

7 = {{n,q),(b,~q)}, then we would forget about the urelement b and let 75¢* =

{(n%*, g A—p),(a,q A p)}, making [r = Tsetﬂﬁ = ¢. But in general, in the do-
main of 7 there might be different names that have the same set counterpart, which
motivates the following definition.

To begin with, observe that for any given 7 € UB, [~.o/ (1)

Definition 3.6. For every 7 € UB, 75¢ is defined recursively as follows.
(1) dom(15°) = {1 | n € dom®(7)} U {a | 3n € dom®(7) a € dom™ (n)}.
(2) For every v € dom/(75°),
if v = a for some a € &7, then

5ot \/{7- a) | a € dom(n) and n € dom®(1)};

ifv= uset for some p € dom®(7), then

7_Set Set \/{T /\ [[—MZ{ )HW ‘ ne domB(T) and nSet _ ‘uSet}.
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Lemma 3.9. For every 7 € UB, there is some o € UP such that jo = 75,

Proof. By induction on 7. If dom(r) C 7, then 75 = () = j((}). Suppose that the
lemma holds for every n € dom®(7). Then let
o={{"v,7%")) | v € dom(r5°")}.

This is well-defined since every v € dom(75°) is either some a or 1> for some
n € dom®(7). So o € UB, and it is clear that jo = 75¢. O
Lemma 3.10. For every 7 € UE, [r = Tset]]W = [[ﬁ,szx/(T)]}ﬁ

Proof. By induction on the name rank of 7. When dom(7) C &, 75¢* = () and the
lemma clearly holds. Suppose that the lemma holds for every n € domB(7). We
show that [r = 75¢¢]V" = Nacdome () 7 (a). First, it is clear that [r Z TSt Ut =
Nacdome () 7 (a) because roet

then follows from the next two claims.

Claim 3.10.1. [r C 75¢t)U° = 1.

contains no urelements in its domain. The lemma

Proof of the Claim. We show that for every n € dom®(7), 7(n) < [n € Tsetﬂﬁ. Fix
n € domB(7). For every a € dom® (n), T7(n) An(a) < 75°%(a) and so 7(n) An(a) <

[n= Ez]]W A 75°(a) by Lemma H This shows that
(6) V.  cman@) <\ (In=a]” Ara)).
a€dom (n) a€dom (n)

Since o
() A [~/ ())]7" < 75 ()
by the definition of 75°t, and
[~/ (M]”" = [n = n>1"
by induction hypothesis, we have
(7) ) A= ()] < [y =" A TS ().
It then follows that

=\ @m) An@)V (r@n) A ()]

a€dom< (n)

by @and @ < \/ (In=a" Ar5@) v (In =157 Ars ()

a€dom< (n)
— .
< Vo (In=v" Arw)
vEdomB(75et)

— [[77 c Tsetﬂﬂ.

Claim 3.10.2. [5°* C 7]U° = 1.
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Proof of the Claim. We show that for every v € dom(75), 75¢(v) < [v € T]]W.
Suppose that v = a for some a € dom® (u) and pu € dom®(r). Let J, = {n €
domB(7) | a € dom(n)}. Then

75@) = \/ (r(n) An(a))

n€Ja
(Lemma = \/ (rm) An= &HW>
nedg
< V cmrl=a”)
nedom®(r)
—[aer]".

Suppose that v = pS¢* for some p € dom®(7). Let X, = {n € dom(r) | n°* =
pSet}. For every 1 € X,,, [n = pSY" = [n = 0%V = [~/ (n)]Y" by induction
hypothesis. Thus,

Sy = \/ (r(n) A [~ (n)]7)

neXy

= \/ () A In = p5T7)
neX,

< V A=)
nedomB(r)

— [[HJSet c Tﬂﬁ.

The lemma is then proved.

The next lemma is proved by showing that every 7 € UP mixes {a | a
dom”‘y(r)}iu {75} with respect to the maximal antichain {7(a) | a € dom® (1)}

{[~= (N]""}.
Lemma 3.11. For every 7 € UB,
\/ [r= ja]]W =1.
ceUE

Proof. Let X = {a | a € dom® (1)} U {r5*}. For every u € X, there is a o € UP
such that jo = p by Lemma So we have

\V [r=iol” = \/ Ir=ul”

ocecUB neX

= ( \/ [r = a]v )v[[T:TSet]]ﬁ

ac€dom ()

(Lemma = [TV [~ (D]
=1.

cm ONR
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Theorem 3.12. Let B be a complete Boolean algebra. Then j, as in Definition 3.5}

is an elementary embedding from U® to U®. That is, for any formula (v, ..., v,,)
and 7, ..., 7, € UP,

B . . B

[[‘P(Tlv e TH)HU = [[(P(jTl, "'a]Tn)HUTB'

Proof. The atomic cases are already proved in Lemma|3.8] and the cases for connec-
tives are trivial. So let ¢(vy,...,v,) be some vy (v,v1,...,v,) and 74, ..., 7, € UE.
We have

[Bo (v, 71, ...,7'n)]]UB = \/ [¥(o, 1, ...,7'n)]]UB

oceUE

(induction hypothesis) = \/ [w(jo, T, ...,an)ﬂﬁ
ocUB

< HE"U'I/J(U,].TM "'7an)]]UB'

On the other hand, for every 7 € UB,

(LemmaBIL)  [(r.jm, ... jr)l” = \/ [r = dol% AQe(r, g1, ey )]
oecUB

< \/ [[w(jo'ajle'van)]]UE
oceU®
. . . U]B
(induction hypothesis) = \/ [(o, 11,y Tn)]
ocUB

= [Foy(v, 1, ...,Tn)]]U[B.
Therefore, [Fuy (v, jri, ...,an)}]ﬁ < [Boy(v, 11, ..oy TH)]]UM. O

Corollary 3.12.1 (The Fundamental Theorem of ﬁ) Assume ZFUg. Let B be
a complete Boolean-algebra. Then

(1) UP |= ZFUg, and UB = if U = AC;

(2) UB = Collection if U = Collection;

(3) UB |= Plenitude if U = Plenitude;

(4) if U = AC, then UB |= Plenitude only if U |= Plenitude;

(5) if U = AC, then UB = Tail if U = Tail.

Proof. By Theorem and O

3.4. Fullness and Collection. Is U® full for every B? It is a standard result
(see [6] and [10]) that every Boolean-valued model closed under mixtures is full.
However, as UB is a definable class inside U, whether UP is full turns out to depend
on what axioms hold in U. The rest of the paper proves the following.

Theorem 3.13. The following are equivalent over ZFCUg.

(1) Collection.
(2) UB is full for every complete Boolean algebra B.

The argument for (1) — (2) is standard, and the point is that U® is closed under
mixtures. We also note that AC cannot be dropped for proving this direction due
to a standard result that AC is equivalent to “V® is full for every B” over ZF.
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To show (1) — (2), assume that Collection holds in U. Fix a complete Boolean-
algebra B and consider [Elmp(z,u)]] for some ¢ and p € UB. Let ¢ = [3xp(z, 1)]
and let o

S={peB|3oecUFp<ploum]}
By AC, S has a maximal antichain {p; : ¢ € I} which is below g. By Collection, there
is a set v such that for every p;, there is a mixed B-name o € v with p; < [¢(o, 1)].
So we can use AC to choose a 7; € UB for each i € I such that p; < [o(7;, )]
By Lemma there is a 7 € UP such that p; < [r = ;] for every ¢ € I. So
pi < [o(7, u)] for every i. Since \/;c; p;i = ¢ it follows that [Fxe(z, u)] = [e(r, 1)].
Hence, U® is full.

Now we show that the fullness of every U® implies Collection, and the argument
does not require AC. We shall first prove a standard fact regarding the powerset
algebra P(I) for any given set I, where < is C.

Lemma 3.14. Let B = P(I) for some set I. Then for every 7 € UE,
V  Ir=i]=1
zeV (ker(TUB))

Proof. We prove it by induction on 7. Suppose that the lemma holds for every
n € dom®(7). Because P(I) is an atomic Boolean algebra, for every n € dom®(r)
and i € I, there is a unique v}, € V(ker(nUB)) such that {i} < [ = v}]. So for
any ¢ € I, we define

a a € dom (1) and {i} < 7(a)

Tr; = . . .

{vi | i er(n) and n € dom®(7)}  otherwise.

The incompatibility condition of UP-names ensures that z; is well-defined and

ker(z;) C ker(tr UB) for each i € I. We show that 7 mixes {#; | i € I} with
respect to {{i} |i € I}. Fixani € I.

Claim 3.14.1. {i} < [r C 4].

Proof of the Claim. Let n € dom®(7). If {i} £ 7(n), then {i} < =7(n) < 7(n) =
[n € &]. If i € 7(n), then v} € x;, and hence {i} < [n=vi] < [n € ] <7(n) =
[T] S .ft]] |

Claim 3.14.2. {i} < [#; C 7].
Proof of the Claim. Note that [¢; C 7] = A i € x;. Then

{i} <7(n). So {i} <t(m) A[n= v%]] < [v}] €] -

vi € [vi € 7]. Let v
. ‘ o

Claim 3.14.3. {i} < [r = 4;].

Proof of the Claim. If 2; is some G, where a € dom™ (1), then {i} < 7(a) < [T g Z]

(Lemma . Otherwise, dom* (£;) = () so [ g ] = A () "7(a); and by

a€dom
the definition of x;, {i} < —7(a) for every a € dom (7). [ |
Therefore, we have {i} < [r = ;] for every i € I and so \/,.;[r = ;] = 1. This
proves the lemma. ([l

IThe superscript will be omitted from now on since we will only work in UB,
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Lemma 3.15. Let B = P(I) for some set I. For every z1, ..., Ty,

(1) p(z1, ..y n) © (@1, ..., 25)] = 1;
(2) (X1, ey 2p) < [0(21, ..., 7)) = 0.

Proof. By induction on the complexity of ¢. It remains to prove the quantifier
case. Let p(vy,...,v,) = Jvp(v,v1,...,v,). Suppose that Jv (v, z1,...,z,). Then
[Foy(v, @1, ...,4,)] = 1 by induction hypothesis. Suppose that —Jvip(v,z1, ..., xy).
Then by induction hypothesis, [¢(&,4,...,245)] = 0 for every z. And for every
T e UB,

(Lemma [3.14)) [e(r, 21, o )] = (7, 21, s )T A\ [ = 2]
zelU
< \/ qu(i'aiflv "'7xAn)]]
zelU
=0.
Hence [Fvip(v, z1, ..., x,)] = 0 and the lemma follows. O

Proof of Theorem . (2) — (1). Assume that for every B, UP is full. Suppose
that in U, VY € udyp(z,y) for some u. We wish to find some set A of urelements
such that Vo € udy € V(A)p(x,y). This will suffice for Collection because since
u is a set, we can find a large enough « such that for all x € wu, there is some
y € Vo (A) with p(z,y).

Let B = P(u). By Lemma it follows that UB = Vz € 43yp(z,y). By
Lemma there is some 7 mixing {# | x € wu} with respect to the antichain
{{z} |z € u}. That is, {z} < [r = 2] for every x € u. So [r € 4] =V [T =
#] = 1 and hence [Jye(r,y)] = 1. Since UPB is full, there is some o € UP with
[e(r,0)] =1. Let A=ker(BUo). By Lemma Vyevalo =91 =1.

Let € u. Then there is some y € V(A) such that {z} < o = g]. So {z} <
[o=9gAT=2Ap(r,0)] and so {z} < [¢(Z,9)]. By Lemma [3.15| it follows that
[e(Z,9)] must be 1 and hence ¢(x,y). This shows that Vo € uJy € V(A)p(z,y),
which completes the proof. ([
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